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Z n = {0,1,2, ... (n — 1)} Uj^Uc z n :n ®>». j-1 

Z 6 = {0,1,2,3,4,5} 

: ^ jU jim jn (n) = {m: m E N* } :U(n ) 



1/(10) = {1,3, 7, 9} 

:gcd djiuu»il ^uiiiJi-3 

gcd(n, m) = 1 o\* '-*£ u 1 ^ J njm u^d' '^'* 

(Jjj! ^jar ^^ILuLaII lar 11 La^-Lil^C- 1 xag U'N *1 ^aJaC»Vl c^)Jjuui]| ^juAUI 

\Icm 4 jIula]) l^Lux4])-4 



A£ jUlJI ^-satixJl AJjVI L^Lal^C- l ^ lla> J j^aVt l or^l 

gcd( 9,5) = 1 #cd(12,24) = 2 2 .3 = 12 7cm(12,24) = 2 3 . 3 = 24 ^ 



(^W 1 ' l$') n Z n j*j a f Z n ^ (a) *j* jM -5 

: Z 8 J <4):J1^ 

Z 8 = {0,1,2,3,4,5,6,71 



(4) = \4 x 0,4 x 1,4 x 2,4 x 3,4 x 4,4 x 5,4 x 6,4 x 7 

mod 8 

(4) = {0,4} 



sJ jA\ z 8 ^ ; Jlio gcd(n, a) = 1 uj& Z n 2 sJ j* (a) uj^ 

8 'Uj l^Vl,3,5,7 
Z n c> c nZ :^jl 



3Z = {0 ± 3, ±6, ±9, 1 



^ q\-v, 

^ Z n 
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j llaaJt j gU 

(_£l (j^a )^ oj'AJJ (_J^)jJall A-Ll.u]Ij j ■ ^Ic. C_l Ij| AjA^.Ij Alii. (jC- 

^Ajaiflj ^Jla ^jLiaJlj eUjjjJa |jl AjLJI 



a E R ae = ea = a 



1 ja Uo^ljj aj^Ij cjlik. (c, +,■) , (<?,+/) , (R, +,■) , fZ, +,■) 

aj^I j tiiuul ;nZ ; n > 1 

jV 6 “SP^J cs^ 10 (JaitLaJU I— Ijj-iallj ^ . a-sU A uh' i 'L iR = -[0,2,4, 6, 8} AilaJI- 



■ mod 10 


0 


2 


4 


6 


8 


0 


0 


0 


0 


0 


0 


2 


0 


4 


8 


2 


6 


4 


0 


8 


6 


4 


2 


6 


0 


2 


4 


6 


8 


8 


0 


6 


2 


8 


4 



!c£' 5 -1 (jLlAUJ La^Jjj^a J La^^^Ja ^jl ‘ - la-J ^ Ajj^iJI A aW \l ^ya ^jjj . ^iV- AaI ^!|-2 



a,b E S l)a.b E S 2) a-b E S 

(C, +/)j (i?, +,■) j(Q, +/) c>« 4*^ (Z, +,■) — 

Z o* ^ A ^- nZ — 

n olacLjaA ^ rn nZ AiUI ^ <ak. mZ — 

4Z j 2Z j Z c> <£>?> 4 ^- 8Z — 



^jQ L^\l ^jLujJ 






a,b =£ 0 j a.b = 0 

2.3 = 6 mod 6 = 0 ijy^ (Z 6 , +,■) 

4.3 = 12 mod 12 = 0 <jV j^' ( Z 12/ +,■) 

A-a 1 j ^3 jL^all ^jjiIjS V (Z 1:L , +/) 
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^ajuol j5 tilLoj V dljlS lil A^cAj lgj| Aq\^ ^jc. a\*\\\ A flWti 

j5 c^IIxj v a^Al! Ya : Jli* 
5^12 Aik ^ji JJC. p dua. (Z p , +/) 



^ajuol j5 C-^\\a*iV )^Uj 4j*1^.(jj A-iSjAJIJ A ) 4 j W 4 A \ a\\ 

AjLI£j (jJalli (C, +/)j (P, +/) j(Q, +/) Aiiai« ^jS Aic. p ka. (Zp, +/) " ^lLl£j Aikla^; Jlia 

4.5 = 0 fc^lLall A-lLdl^j A \a dljoLll ^ Z 2 Q ) “I”;') 



a 



-l 



j * jib aJ jxa JJJ ^LaJl (_£jLujJ ac = CCL — 1 ^ Cl J x*Vte . \ t C-JjlLa 4-^C (JC- 



a, c ^ 0 

5.5 = 25 mod 6 = 1 <jV 5 5 (Z 6 , +,■) 



dilLaJ ^)2j^alS ^jIjl-g A qW\1 

^.lp n ^kxjg^k jp 
(jialld (C, +/) J (/?, +/) j(Q, +/) 

^A^aLk^L-J 4J ^jjIjl^ Ya (jail! (jV cJ^- L ** AaIoI^ (Z, H - ;') 

^ ^ p ^ (Z p , +/) 

LS* (Zl9> +/) -? (Z 2 3, +,■) J (Z 7 , +/) j C^li, +,■) 

aJjS cjxk 57 j 119 j 51 c - Xu> £(Zii 9 > +/)j(Z 5 i, +/)j(Z 57 , +,■) 

l^Jj \-£j^al_^i. jjiijj AikJl (j<a Ajj^^. Ac. j.a'N .a ^A \J\4 
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Z 2 j Z 4 j Z 8 < — 'LJiiLa y^Wj 8 j 4 j 2 ^ 8 -i/^/j^Z 8 cA 

l(jV lillij (7?, +,■) 45 ^ aJUo c +,■) — 

ieQ,V 2 efl^i.V 2 gQ 

:c jV ( Z 6 , +,■) AiLJI 4 ^ AJli. 4 ^ a = {0,2,4} ^ 1 - 



(■ )mod 6 


0 


1 


2 


3 


4 


5 


0 


0 


0 


0 


0 


0 


0 


2 


0 


2 


4 


0 


2 


4 


4 


0 


4 


2 


0 


4 


2 



lax 



Va E A ,\/r E Z 6 ^ ra E A = { 0 , 2 , 4 } 

4-uiij j AjjL^Jt Ia& (JjIaIIIa ^gjjai V ^I;AaU Aia^^La 

LaA ^jJjJllLa JiaJl C5^J /? Ua^.|AliL<i "I”/) ^ 'Nj'N Cl \\ jlllLall 

2 djUlUJI Ajuoij JlaJt j a A_i 11 !La 1I 

{0} , Z p ^ -^a 4 jjjJ11^ ^?.jj ac. p (Iii*. (Zp, +,■) 



cjULtfd! 



nZ + mZ = gcd(n, m)Z , nZ n mZ = Icm(n, m)Z nZ. mZ — (n. m)Z 



:jV d&j tLi A. B = A n B cP A = 6Zj B = 4Z i^l£ ljl;Jll» 
A.B = 24Z * An B = 12Z 

5Z + 2Z = Z d ^ gcd(5,2) = 1 W u^j' 2 j 5 <jV ^ 5Z + 2Z = 7Z 

nZ U mZ = nZ + mZ = gcd(n, m)Z : : U^X> 
; jjiic. jjiillia AjB j R u^ i ^ u^t 
^4: B = {x : x 6 ft ; Bx <= A] 

11 ^a ^juaLall ^gk 6 1 Clijl£ lilj A-llc- ^a lg-J^)jJaJj AilaJl ^j^aUc- *lklj |^ixJ 

; jujiio ^ AilaJI j jn'lu 3Z j6Z 6Z: 3Z 
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. 


0 


±1 


±2 


±3 


±4 


±5 


±6 




3Z 


0 


3Z 


6Z 


9Z 


12Z 


15Z 


18Z 




6Z^i *1. j^Vl 


C 6 Z 


£ 6 


C 6Z 


£ 6Z 


C 6Z 


£ 6Z 


C 6Z 





t_±i£j 4A«j 2Z j‘ -° ' ^ j {0, +2, +4, +6, ... } 6Z ^ el j> ^» ' i»\ l lil 



6Z: 3Z = 2Z 



A\B = R B a A ‘ ^ ^ 1^ ; 



2Z: 4Z = Z , 2Z: {0} = Z , 3Z: 6 Z = Z 



? {0}: 2Z 8 :Jl^ 

:*» 2Z 8 = {0,2,4,6,81 ^jZ 8 = (0,1, 2, 3, 4, 5, 6, 7} j-te 



. 


0 


1 


2 


3 


4 


5 


6 


7 


2Z 8 


0 


2Z 8 


00 

N 


6Z 8 


00 

N 

00 


10Z 8 


12Z 8 


14Zg 


{0}^,lj^Vl 


c{0} 


s {0} 


s M 


s {0} 


c{0} 


s {0} 


£ {0} 


£{0} 



4_Laj 4-Zq Jj-Ajc. ^ J {0,4} yjA {0} C5^ eljl^Jl j^aUaJ l lil 
{0}: 2Z 8 = 4Z 8 



Yl ^glc. 771 ~ ‘ ‘'' a '' _J‘ ~ w ^l (jG (JLuj |jl Lai ^aLLall+ L» . .nil ^A lA ^j^al jc- AaIa 



Ja j V 4-i.l^.lj (_^A Ja j Ia J.^il ir- 2Z/^_^ 4il». (j£jJ|(Jlia 



2Z = {0, ±2, ±4, +6 } ; J A*. J±jl 

0 + 6Z = 6Z , 2 + 6Z, 4 + 6Z, 6 + 6Z = 0 + 6Z = 6Z 

'^‘^‘1^2 = (6Z ,2 + 6Z ,4 + 6Z) ^ j^Lg tiO£ a*.jj 4i*j 



(■)mod 6 


0 + 6Z 


2 + 6Z 


4 + 6Z 


0 + 6Z 


0 + 6Z 


0 + 6Z 


0 + 6Z 


2 + 6Z 


0 + 6Z 


4 + 6Z 


2 + 6Z 


4 + 6Z 


0 + 6Z 


2 + 6Z 


4 + 6Z 



(2 + 6Z)(4 + 6Z) = (8 + 6Z) = (2 + 6Z) 



jajujljs dlLuV j 4 ~|~ 6Z ' ^ j 0 ' j^uLpLIj aja^.Ij l^ji L»-v N *' 

jQl s-\W i^W -A \ A, ll ^ j ^ Q ^ -A j * K n J »■ "■> ! i& iSj^ ^Z/2^^ £J^I LiLe.** 
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7Z / 2 i Z = {0 + 21Z ,7 + 21Z ,14 + 21Z} 



(■)mod 21 


0 + 21Z 


7 + 21Z 


14 + 21Z 


0 + 21Z 


0 + 21Z 


0 + 21Z 


0 + 21Z 


7 + 21Z 


0 + 21Z 


7 + 21Z 


0 + 21Z 


14 + 21Z 


0 + 21Z 


0 + 21Z 


0 + 21Z 



flf 2 = d jl£ 111 Ajkll <^3 Aka. Ajl q j..Vi»\I q c. J jij ;.laLaJl j^jaJl 

a n = 0 ;n E N* (jk Ul AikJI ^ <_sji3l Ail a j‘ ^»' l :csj^' fjJC’j^kSI 

3 6 N* a^.j 3 3 = 27 = 0 uV Z 2 7 <_sj^' ^ac. 3 j> -vk l; Jlla 

4 2 = 16modl2 = 4 oV (Z 12 , +,■) Aik]' ^^4 >kkl 



jkll jAs A_+iiaJI jjiJl CjlakJI JJA4- 

Icm ( n , m) j* Z n © Z m Aikil j^- 

A_+ixa jjc. Aik j°‘ kl jA (riZ , “I”,") AikJI jj^ajJllLa 
A_+lla jjc. Aik LgJV ^jixkl jA (SZ , +,") AikJI jjAA 




;A_alA Alk^La 



CjJ ‘jl (jk 6 uV Jk tl uk Z 6 J Z 6 J>a J jjl IfrjV Ika. ?Jk ^A Z /6Z 

((CjlLkl (jki IgJ Igil =)) 

72 = 1 l)k L>“ Aa-laj-a AS^kllj ?2 > 1 (_Ja.i (j-a AJ.la.lj CluiJ y\Z J klaJj Z ?Z = TlZ- 



\ (jiaj IJI A_Jjl A_Jlxa /[ (_g.<u.aj y4 ^ R 1 " 'J ^ .' /? 3 A_Jl!La y4 J Aik l _jkl j A_J J V I AklfLaJl 

1)71 ^ , 2 )Va, b E R; a.b E A => kl a 6 71 j' b E A 

?Zg AikJI a2jI _4 = (0,4) AJliall Ja IjJlai 
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2,6 G Z 8 ; 2.6 = 4 G A => 2 g A j 6 £ A uV ^ 

oV :U=^ z ^ 2Z n 5Z u!- 
2Z n 5Z = 10Z 2.5 = 10 6 10Z 

5 g 10Z j 2 £ 10Z 

|(jV Uaa. Z 8 AilaJI 4_i] _jl {Q }**J_J*‘ Ajllxall- 

2.4 = 0e {0} : 2 £ {0} J 4 £ {0} 

<jLI£jJI ^ aJjS JLHiJL 

4_lLal£j 4ol>u ^7 4_Jj( 

g2j5 A <=> AlLi* 



A (jtS lil ^ x>lac>l <j( A £ L ^-5^*11 L ^ R J /? AilaJI ^3 cIjLJIIaII CjLaJIj-a]! 

l^JJJ Lu3 A-lljij Jl ^jujI j 3 ^A lgj£ 6^ \j^. Jjdl\ 4-1 A JaC-^l CjLJl!La]l 2f ., AilaJI ^3 j Wa» »^a\\ A^ttlA 4 ^/La 

(2) j <3)^Z 6 ^M^Vl^Ull a ll:Jl^ 
(2) = {0,2} <3> = {0,3} 

^24 C5^ 4.j^g Jac. t (4) (Ja 

(2) = {0,2,4,6,8,10,12,14,16,18,20,22} j <4) = {0,4,8,12,16,20} uV :U~ 

AlLUk AjU^VI 4-Laj ^24 C5^ (4) £ (2) J 

L&^jJaxJ ^3 JJC- ^jaajujIS ^iu^al ^2)j (3) <-£■£■^24 C5^ 4.j>JaC> V 1 ClA-lIllL&lt (jC« l\Ja lil Lai 

U^Ijj l*iV 24 i^b Vj (2)j(3) (8 )j (6) ^b V 

<5> = <7> = <11) = (13) = (17) = (19) = {23} = Z 24 

?Z 12 g?^ 4-uJac l (5)^1^' J* : Jlla 
4 j^hc .l ClUiu] ^^9 Z 12 3ljj (5) yJUllj 12<_)' grt^ 5<_3' J 

(5) = {0,1,2,3,4,5,6,7,8,9,10,11} = z 12 ^ ^ <5> = {0,5,10,3,8,1,6,11,4,9,2,7 } J 
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AlLU. UaV I ^tUbj 

3 Z j 2 Z si jia^ 2 Z n 3 Z : <jV l-la^ z ^ ^ 2 Z n 3 Z: J 4 * 



1_^_ab ^dJaol (ilLj ) 4 \t A 
(2) JHa tilLaJ 4 jV A^lXjJaj^ 4li^ Zg iJHa 

(2)j(3) tilLij I^jV V |A-ixjJaj^ 2^ Ja 



jIIj 



A-Ijolij^) a11^ jA l£-1 



mZ (j-a IgjS ^llLa J 4j»»inj ellLJliLa Alla ^A Z “2 

A_ijj jjj Aal-v jA (Jia (JS-3 

j ^Ulai 

A-I u uj j CLlUJlla A^Ia jA Jia <J£j Jia Zg J ^ j '^Z ~ Zg 1 -g-jV tillij A- 1 l.uj j OLJlaa A qla j 



4^UJ J l -M^ a 4<ila g?A gj^ljj <-£*■ g?A Q 
(Ajjjjjj J Ajjjjji Qj RjC ' ^\.',' A-jjjJjl ClutJj Ajjjjjj Z ^ 
R gi s >iUa j ^a ft(l — e)j Re ^-^c. /? AikJI AaU. (1 — e) j AaU. e 



fl = fle ©fl(l -e) 



Z 6 = 3Z 6 ® 4Z 6 3 j4 saaUJI j^aU*JI z 6 






jjIaa p j ^ J£jud *12/ 1 - ) (JtlLa 

^ ‘ t)Z 12 ' 



j Z 12 e^ cr^ 6Z 12 = {0,6} J :cM 
12 / 6Z 12 = 3" 6Z 12 , 1 + 6Z 12 , 2 + 6Z 12 , 3 + 6Z 12 , 4 + 6Z 12 , 5 + 6Z 12 } 



; jiiic. Z 1 _ ^3 jjjJ-aLa 9 j4 (jj^) >■*•»'» II (jl -loa^lj 
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^12/ _ (4Z 12 + 6Z 12 ) / m (9Z 12 + 6Z 12 ) / 

/ 6Z 12 “ / 6Z 12 w / 6Z 12 



ItijjUj 

Rad R = 3(^) ^ ^ A ^kc -Vl ajjLuiJI cAjJlidl £- 1 ^ o^^Ki?) 

t ft a aj]jV1 cijIJIIaII 1 (JjoIjujVI vad (/?) -2 

cs^' R ^ a R ^lia ^4 lAAj j' ^4 Vi4 J rad j4-3 

: i4 j^h a n E A n 6 Z + * c> 6^ 

rad v4 = Vv4 = {a £ /?; 3n G Z + *; a n E A } 

; <Ljj (3) j(2) Z 6 ^ johc - Vl CjLJUJI jt j»kj ; JaJI ;Z 6 -3 

300 = (2) n (3) 



(jjfi jlillj ^Sl ^IiIaj ^ ^LiaJI ^judkll (jj ju 
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the end 
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JLuu AaLuj j£- 1 

^ G /? c c^lLa j ^3 (j£ (jl j}A 4-i.l-u, F (j£j] ;(jUjjJl 

LjjiL> lilLj a J^Lj a~ 1 = 1 uN = 1 '^'* 

a 1 = a J ji > j >-y=H i.j E Z f AikJI jl Uuj a, a 2 , a 3 , £ R ^e- 1(> J?** 

a 1-7 . a 7 = a 1 = a 7 = 1. a 7 ^ji — y > 1 ‘-y^ a t-; = 1 

i — y > 1 => i — y — 1>0 

a i_ijiia a i_7_1 J^iyj a. a* -7-1 = 1 



F Ji ^jluu Jli« Ajte^R C& 1-2 

A = R j^' 6* A J ' j'-v A = R 1 £ A J* 'j'-' 

A = R J^yj R Q A a = a. 1 £ A <j\& a £ R u 1 ^ M 1 £ A j^ j^-hcMj^l 

Ija j 1 = ba E A 4-^j a = 1 * — y^y b E R jl-J' j^ <_U j*^»jc. a ^-y^- a E A j£2-^j 

A = R j' J' cJ^jy 

F A ‘ "^‘ JiaJlj AjjLi^I A 4ll4l LaA laAfl jjjjjl jyj4lla ^jsu V F AAAj&i Sl^ F j£4-3 

^jl^' f^y i4 = 0 ‘ F J .4 F j^2 :cMjy^ 

<jli (F J^l J c£ ji*-a JJC. AjV) L_llill (JjII a JJ-*ai*JI (jl Lajj CL =£ 0 J “^ 1f ~ - 4 J 4^0 (J- 3 

A = F 



A^atj 4 qW jjl^ jjl l ^ s \ -v Nf \ 4 u ^>1 -v (jiL^j R AiLJl ClljlS lil-4 



ab = 0 = a. 0 a^Ou^Jja. = 0 >-y=H a,b E R ' aj^U. F:j^ j^' 

.“Lalj F 4_laj jq>^»ll ^luI^jS F L$\ b — 0 ~l> ’' jl jia jill lnA j 
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(^Aw j' 6ji R dj£ a E R a 2 = a u^j R ' j'-5 



(a + a) 2 = a + a => (a + a) 2 = a 2 +a 2 + a 2 + a 2 =>(a + a) = a + a + a + a 

Va e R a = —a <= a + a = 0 

:ij ^ a, b E R J^- 4- 1 

(a + b) 2 = a + b=> a 2 + ab + ba + b 2 = (a + b)=>a + b = a + ab + ba + b 

=> ab = ba = 0 => ab = —ba 



a. b = 0 a E A , b E B M A n B = 0 r AilaJl J • >1, B ' j'-6 

a.b = 0 a. b E A. B = 0 AF<=.4ni? = 0u^ 



a t E M,bi E N x = £ ci-ibi x E M.N iP> <A&jM. N Q M fl N (I) u' 

x E M ON x E Nj ^j^l\ 11a j 

•liiic. x G M n N c&A jCL + b = 1 ‘ — ^ b E N , a E M j R = M N jlG /?; (_vuSL*-all «•! 



; ^sj ^ jail LJxua. <q*j a + a£i? aefi jlJ 



AiLJla ab = ba cp' V-A gP ^ -ba = ba u^j 



. M.N = M D N :0^ M + N = R R J M, /V til-7 



x = x(a 4- fr) = xa 4- xb = xa + bx E M. N 



M.N = M n N 



© j® c> M ON Q M.N © ^ 



W OA n * Ji* (n > 1) Z n 0* til-8 



©j' n Z <A ^ Z gP gA^Wj ^ j n 2 24 Z n :cMjJI 



# AJ jj *LJI!La /? 4 jafoc4 AJtia J£ (jt£ 4 jU\n j Aji^t j/J 4frWti ljjIS 1j1_9 
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<L4jJ& (jj£j 7? 411^1 ^ (jjpl) *L«jj& ^UJLLa JS-10 



jb^ic. b E B u^: <_s j^-' t> B n = 0 3?^ n E N* ^ <_sj^' 

4j]H« b l5j^' B t> jj-ajc. <J£ jl jjjj \'^jb n = b. b. b. b .... 6 B n = 0 



rad A = A 3^ R ls* A j 4Jj^j *-i^jR 4£kJI 1^1 -11 

R ls* ^j' ^4 <j U?j x n £ v4 4 *^ n E N* x £ rad A ‘ .4 <= Rad A 

Rad A = A Rad A Q A j x64u^ 

i4 n = 0 n E N* /? ^ ^uJfrj /? &IaJl (> 4 jjL*j AJliaA-12 

jl£ U lillij a x . a 2 . a 3 a n = 0 3*^ n E N* -^-jj lsj^I A ^J^l ^1^31 o' 

1 < j < n L&bij E A x = X b^b^b^b^ ... b in = O^c- x E A n u^a 1; a 2 , a 3 ,a n E A 

A n = O^j 



R ^ Sjji-ufl 4Jli« jA R 4 jU\nl t AllaJl ^ 3(J?) Oj" 4 ^ 1 * J^> 6'- 13 

1 = a + r r £ 3(^)» a e D + 3( # ) = ft 3^ ft y4 D 

D = R 1 £ D J l?‘\ R jW' t> 3^ 1 — (1 — a) = a 1 1 — a = r £ 3(ft) 

.ft jy*-^ 3(ft) 3^' ^ om j 



^jaJI fjjfr <jj% x 34 x £ Rad R 3* 'j' <ji x £ ft ‘ 4ll*.R Cuts IjI-14 

(jSJj 4sl*.R ci±il£ lil) 4iA j^all t jiA j (_£jill l> 3 x (jl (_paji4j x £ Rad R J Cr^ 33cM j3 
3^- R B lJJ ( x j^j*-3l ^<3-5 <3^ ^ 3^.jj ijAlc. iCr^ 1 0 /J 

x jl < 1 aj R ajIjV I cjUIUJI cr^ uj^ x G Rad R (£. B 



Ojl ^c#A R ^ S^l^l >^lj*JI ^ t^SlSlJl-15 

jjjli <_i^j x(x — 1) = 0 x 2 = x R c3 >^c. x E R c^j Aiki« ^ 

. x = 1 j' x = 0 Lai (j_j£j jjAic- AjLal^j AikLa 3 - A V I 
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A cfj^ Aj^lafrl AjjLaj AjJliLa R ^ .lajj 4Jl^t /? (jA AjjLuu AjJliLa A ^ R til ii-lic AjAaI j All^R (j£U- "] 0 

^^4 G L ijy L ^ 0 <c- iiiic. L = [B : R t ^A d? jAj gJti* B ,A Q B ^ R : <c- jo->o\ l iaiil leM jJl 

Ai^U- (3^j Uj^^ ^j*L (jl 

cjlj R is* l5 K = U BELq B U’ A-Laj UK Ajj A- ilbk jjc. /, AUj^ Ac. L q 

4-L»j M CfiAj ^kr .l j ^ aj c . L ^.jj ujjj L Lq Ac-j^aII ^^Jc-I l^a. JIaj K jli AiAj A Q K ^ R 

A Q M (i^j i? csAicJ lsjAj <^1° M J 



AjJjISI Aii& 2 jIjC'VI AM^-17 

jl£ Ll jjiayj (jjjks ja (p: Z* — > N ; cp(m) = \m\; Vm G Z* -m Aikw Z- i 

: m <~A n <-**■ m,n G Z* 



m > n => |m| > |n| => <p(m) > (pin) 



3 q , r G Z ;m = qn + r 

Axun'qli 0jU 



Ul r = 0 

b'lrKkl 



A^uud^ll jUUu mj n -£ 

=> <p(r) < <p(q) 



rad R Q 3(1?) J**-18 

a n = 0 n E N* <^iLsj lSj^' ftpc- a uj^ a G rad ft IlMjA 

J' t5-«% a u' LhW a E M (J ^A lAJ M ^AJI j' Aj a n E M u _& ft y^ yAicJ m cAA 

. rad R Q 3(R) ^ a G 3(R) R lA AA»&VI cjIIILI 



Ljj^j A A^li^l oA R cA B I ^ A Q B Ajaj R AilaJI ^ Ljjjjj*— a A j B 'j'-19 

R (J Sjjx^a 



;^^c. ^4 + K = R ^ lsjAj K cAAj R lA jA> B 



c? jA) i4 ojAi K — R JA j j* “** B A B + K — R j R — A-\-K^B-\-K^R 

.R lA jA^ 
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3(/?) O^i Sljia-a £j£i >1 AjjIuij Ajilla JS-20 

a n = 0 (3^j 71 6 iV* aJIIaII m>a ijAic. (2 6 i4 /? aJUa 

!j' l>* JA* (1 — Ci) (jf^ (1 — &)(1 ~\~ CL -\- CL ^ + O? + ••• . . +d n ) = 1 UJ^ J 

c4 (_JSil JiS (l — a) cs' jW' t> <J43 (1 — a) uKl + a 4- a 2 + a 3 + •••.. +a n )( 1 — a) = 1 

4 c 3(fl) <i«j 



AilaJl ^ Sjjx^a AjjU-j AJlia jj£I jAj ft AllaJl ^jLaj Vj ft AllaJl ^ 3(J?) O - '-* - *' 0'-21 

R 

AxalaC-Vl CkUllall ^.La^ jA a ^ (^R j X R ft ^ o.la.1 j AxalaC-i AjlllLa A^.jJ Asia. (J£ 

.ft ^'c4 

j x E 3(i?) D + %(R) = R l3^ R l4 D A^RlA “j^ 3 ^yj-^y 2s(fi) 

ft y4 jW' i> J^l — (1 — a) = a u' lA 1 — a = x E 3(ft) a 4- x = 1 a E D 
AjIIIa 3(ft) 3(ft) g4 *' ft S. JJ*-^ 3 jt R LS** jy*-^= 3(ft) jD=ftc^lGZ) 

.ft c4 



/J ^ ‘U^IaC’VI AjjLulJI CliUlllaJ! 4^1 u aglj jtuull qa ‘ 'X&W Jjljj jjg, j jj 4 at-vtt ( ^ A j.^’e. j£ £j |_22 

b G i? Ra = R Ra ^ R jW' t> a E R C&'.lM 

A^LaIaC.1 AjlllLa jj Ajlj 5_jjLutl Ajll^a (jl R mj\l (ja 1 _ <Va^ (jl '■» J IjlA j }) . CL = \ 

.a E Ra M ^ j /?a R ^ M 



fjjc- QiuJ a xaU. a ^ 0 G R j <• 7?-23 

m E Z* >^jl f^pc- a jJ a n = a ^ <=■' aaaj a 2 = a .i^U. a u' 

.l5j^' a a ^ 0 uj^ o^'-y '^j a = a m = 0 u^j a m = 0 i %=h 



rad(rad A) = rad A u' Cfiji -24 

G Af* ^c- a E rad(rad A ) rad .4 c rad(rad A ) (T) u' 

>jaG rad 4 u' ^ (a f ) s e ^ >4 ii^j s E N* -^jj j a t E radA 

.sIjIuiaII ^ © j (T) t> rad{r ad A) <= rad 4 (2) 
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Jjbuil ljUA jia 



/: R — > S *CU1I J& -M j&U 






^ 0 \ 1*^ ^ ^ h n/\ 

(j) l. i^njj x t y 6 R (3^*^^' £y* *iklj ((3j* ^ f 45^*11 ^jl Cl mj-]_ 



* = y => /GO = /GO 



iJ^Vn iilli J cJ^Ujjj z 7 (ji ^-2 



1) /(x + y) = /GO + /(y) 

2) /(x. y) = /GO. /(y) V x,y E R 

3) /(l) = 1 ^ 



(J^ 12 ai<a 



Aj^^k-sa R Cy* J ) " ^ SCL .Vv> <g^. ^ ^jQ*uh.a\I yL*aJC* C^.lj j ^alc. f (jl Cl AJQJ -3 



\/sES=>3rER;s = f(r ) : ls' 



l^jyLi (jl ‘ - ra-jj x, y E R (jUaiall {y* Cji^y ^~‘ ir ~ *^3 _$ ! ijj'-iLa f ^jl Cliiij-4- 



fix) = f(y) => X = y 



= JjLdll cCjUjV 4 j 3 j 2 j 1 ^ciCLuC 



:u' ^ /: i? — > S u^j ‘ u^h-^'j upiik. ft j 5 :<jA j±& 

S 3_j jL^j /(yl) Ij-o'-c- y 7 u^j R A lil-i 

fil R ) = l s Ja f u & 131-2 



% ~ ft/ 
a /b ,A 



\ Cp B Q A R ^ Aj B '31-3 



R uA ker /- 4 

R /k.er f ~ S ^ ]jAL f ^ 131 ^ R /ker f ~ Im f~ S 

a,b E A 3iii& x, y 6 f(A) u^j j ^ c3^=>^' u' o^j^j R ^ i4 u^l :i(jU jJI 
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'■^jx = /(a) j y = f(b ) 



* - y = /(a) - fib) = /(a — b) E f(A) 



5 — f(r) t-u^. r E R s E S c£A 



s.x = fir), fid) = fir. a) E f(A) 



■ S ^ ‘Ultla f id) 



y 65 ci <4^ t>j /(x) = 1 5 x E R l s E S jl R E R if W.2u 

/( 1 r) = y 

15 = /(*) = /(i«.x) = /(i*)./(x) = y. i 5 = y => y = is => /(!«) = is 



; 3 jU jj 

r + B E R/g => fir + B) = r + A 



djS jll (jjjJal l^gjlaS (j c. jUjjII 4-Ai£ £JJJ 
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